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Abstract. Combinatorial problems can be modeled as constraint satis-
faction problems (CSP). Modeling and resolution of CSP is often strength-
ened by global constraints (e.g., Alldiff constraint). We propose a formal
system and some propagation rules for reducing domains of variables ap-
pearing in several Alldiff global constraints. We illustrate our approach
on the well-known Sudoku puzzle which presents 27 overlapping Alldiff
constraints in its 9 x 9 standard size. We also present some preliminary
results we obtained in CHR and GeCode.

1 Introduction

Constraint satisfaction problems (CSP) cover a wide range of practical applica-
tions (planning, timetabling, scheduling, . ..) in various domains (transportation,
telecommunication, manufacturing, ...). Problems are classically expressed by
a set of decision variables whose values belong to finite integer domains. The
constraints model the relationships between these variables. Many resolution
methods have been developed to produce sophisticated and efficient constraint
solving systems. To improve the resolution efficiency and the expressive power
provided by the constraint languages, some studies characterized specific con-
straint relations. These so-called global constraints ([10]) are frequently used in
different problems and specific resolution techniques could be developed.

The first global constraint was certainly the alldifferent constraint (Alldiff in
short) [6] which expresses that a set of variables have all different values. This
constraint is very useful since it naturally appears in many classical combinato-
rial problems. However, it is well known that usual resolution techniques based
on constraint propagation and local consistencies (such as arc-consistency [4])
are inefficient for this kind of constraint, i.e., reduction is rather limited when
decomposing the Alldiff into n * (n — 1)/2 disequalities. Therefore, specific algo-
rithms have been proposed to handle this particular feature in CSP [12].

Alldifferent constraint can often be interleaved, e.g., 2 alldifferent constraints
on two sets of variables ¥V and W such that V N W # (. In this paper, we
propose to handle the peculiarities of overlapping Alldiff constraints. Our goal
is not to design a new algorithm (such as in [5]), nor to impel the user to
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change his model using new constraints (such as in [7]) but to strengthen the
constraint propagation of a standard solver with some new reduction rules. To
this end, we present a uniform propagation framework to handle constraints
and more especially overlapping Alldiff constraints. From an operational point
of view, we define new propagation rules to improve reduction capacities by
taking into account specific properties induced by these overlapping Alldiff. We
illustrate our approach with the Sudoku puzzle which presents 27 overlapping
Alldiff constraints for its 9 x 9 standard size (3.m for a m? grid). We present some
preliminary results using CHR [2] and adding new propagators in the GeCode
constraint programming library [9].

2 Reduction rules for solving CSP

We refer the reader to [1,2] for an introduction to CSP solving.

A CSP is a tuple (X, D,C) where X = {z1,---,z,} is a set of variables taking
their values in their respective domains D = {Dy, -+, D,}. A constraint ¢ € C
is a relation ¢ C Dy X - -+ x D,,. In order to simplify notations, D will also denote
the Cartesian product of D; and C the union of its constraints. A tuple d € D
is a solution of a CSP (X, D, C) if and only if Ve € C,d € c.

Usual resolution interleaves reduction and search/enumeration: such solvers have
been integrated in constraint programming languages (GeCode, Eclipse, ...). A
search strategy consists in enumerating the possible values of a given variable
in order to progressively built an assignment and reach a solution. To reduce
the search tree, reduction techniques are added at each node. Local consistency
mechanisms such as GAC [4] allow the algorithms to prune the search space by
deleting inconsistent values from variables domains.

Definition 1 (Generalized Arc Consistency (GAC)). A constraint ¢ over
variables (x1,---,x,) is generalized arc-consistent (GAC in short) iff Vi € 1..n,
Vd € D;, H(dl, .- '7di—17di+1) . dn) € Dy x--- X Di—laDi—i-l X -+ X Dy, s.t.
(di,+-,dn) €c. A CSP is GAC if all its constraints are GAC.

The reduction/enumeration approach requires an important computational ef-
fort and thus encounters difficulties with large scale problems. Performances can
be significantly improved by adding specific techniques such as efficient prop-
agation algorithms, global constraints, ... Here, we are concerned with global
constraints, and more specifically, with reduction rules for overlapping Alldiff.

2.1 Modeling the problems: Sudoku as a CSP

The Sudoku (a more constrained Latin Square) is a puzzle (e.g., [8]) which can
be easily encoded as a CSP: it is played on a 9 x 9 partially filled grid which
must be completed using numbers from 1 to 9 such that the numbers in each
row, column, and major 3 x 3 blocks are different. A n x n Sudoku puzzle (with
n = m?) can be modeled by 3.n Alldiff over n? variables with domain [1..n]:
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— A set of n? variables X = {z; ;|i € [L..n],j € [1..n]}

— A domain function D such that Vo € X, D(x) = [1..n]

— A set of 3.n variables subsets B = {C1...Cy, L1...L,, B1,1,B1,2,. .., Bim}
defined by Va;; € X, w45 € Cj, x5 € Ly, ij € B((i—1)=m)+1,((j—1)+m)+1

— A set of 3.n alldifferent constraints: Vi € [l.n] Alldif f(C;) and Vj €
[L.n] Alldiff(L;) and Vk,K € [1..m] Alldif f(Buw)

2.2 The framework: rule based resolution

We propose a formal system (inspired by [1]) to define rules to reduce domains
w.r.t. constraints. Reductions are abstracted as transitions over states. Given
a CSP (X, D, (), a resolution state is a couple < C,D > where C is a set of
constraints, and D is a set of domains®. We define a domain reduction rule as:

<C,D>|X
<C', D >|¥
where D' C D and X and X’ are first order formulas such that X A X’ is
consistent. Given a state < C*, D¥ >, a transition can be performed to a state
< Ck+1 Dk+L > if there is an instance of a rule
< CF Dk > | Tk
< Ck+1,Dk+l > |Ek+1

such that D* = A\, .y # € DF A X%, and D' is the greatest subset of D* such
that D*1 = A\ @ € DEFLA XRFL

Here, we will only use variables, sets, domains, and values, and the operators C
and = in conditions of rules (X and X’). Given a set of variables V' we denote
Dy the union of the domains of the variables in V: Dy = |J,cy Do Given 2
sets V; and Vj; V;; (respectively V; ;) denotes V; U V; (respectively V; N'Vj).
Operationally, d ¢ D, in a conclusion X’ means that the value d can be removed
from the domain of the variable x without loss of solution. d ¢ Dy means that d
can be removed from each of the domain of the variables of the set V. dy,ds & D,
(resp. Dy ) is a shortcut for dy & D, A dy & D, (vesp. di € Dy A ds & Dy).
< C,D >—gr< C,D’' > denotes the transition relation using the rule R, and
—pg * is the reflexive transitive closure of —gr. — g * terminates due to the
decreasing criterion on domains in the definition of the rules ([1]). This transition
is extended to sets of rules R. Note also that the result of —x * is independent
from the order of application of the rules [1]: this is very important in practice
for efficiency reasons (first scheduling ”simple” rules before “complex” ones).

2.3 Two first rules: enforcing GAC of an Alldiff constraint

In the following, we classically note Alldif f(V') the Alldiff constraint over a set
of variables V. This semantically corresponds to the conjunction of n*(n—1)/2
pairwise disequality constraints /\r 2,eViitj Ti # xj.

5 We canonically generalize C to sets of domains as D' C D iff Vo € X D, C D,.
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1234 6,7 ] 1,2 2415 24 1,234 6,7 ] 1,2 1,5] 2,4
3a|s |23] 8 [37]2% |89 ]erolsee |3a] 5 |23] 8 |37 |12 [ "3 ]e79[589
Initial row Initial row

6,7 4 |15]|45 6,7 56|45
144523 8 1,71 23 8,9 [6.7.9] 8.9 4 45|23 8 7 11213 79| 89
After reduction with [02] After reduction with [03]

Fig. 1. Application of [02] (left) and [O3] (right) on a Sudoku or Latin Square row

We first reformulate a well known consistency property [6,10]. Consider a CSP
(X,C NAlldiff(V), D). [O1] says: if a variable « has been assigned a value d,
then d must be discarded from the domains of the other variables of the Alldiff:
<CANAUdiff(V),D> | €V A D, ={d}
<CNANdiff(V),D"> | d¢& Dy,
V\{z}
Property 1. Given < Alldif f(V), D >—>r01]< Alldif f(V), D’ >, then the con-

straint /\zi.z,EV x; # x; (i.e., the transformation of the Alldiff constraint into

[01]

n* (n — 1)/2 pairwise disequalities) is GAC w.r.t. D’ . Note that enforcing arc
consistency of the transformed constraint reduces less the domains than enforc-
ing arc consistency of the initial Alldiff constraint.

Consider m such that 1 < m < (#V — 1). Then, [O1] can be generalized when
considering a subset V' of m variables with m possible values.

<CANAUdiff(V),D> | V'CV A Dyr={d,...,dn}

[Om] <SCAAUGTFV), D> | di-wodm & Dy

Consider m = 2, and that two variables of an Alldiff only have the same two
possible values. Then it is trivial to see that these two values cannot belong to
the domains of the other variables (see Figure 1).

Property 2. Given < Alldif f(V),D >—T, < Alldif f(V),D" >,

[Omlicm<@#v—1)

then < Alldif f(V), D’ > has the GAC property.

The proof can be obtained from [6].

Rows, columns, and blocks are patterns for applying [O2] and [Om] on a Sudoku
puzzle. Figure 1 is an illustration of [O2] on a row: 2 variables contain only 2
values (2 and 3); [O2] removes 2 and 3 from the over variables. Figure 1 illustrates
of [O3]: this time, not all 3 variables contain the 3 values. For Sudoku, these rules
are referred as naked pair ([02]), naked triple ([03]), ...

3 Rules for multiple Alldiff Constraints

For several overlapping Alldiff constraints, specific local consistency properties
can be enforced according to the number of common variables, their possible
values, and the number of overlaps. To simplify, we consider Alldiff constraints
Alldif f(V) such that #V = #Dy, i.e., as many values in the union of domains
Dy, as variables in the set V' of variables. This restriction could be weaken but
it is generally needed in classical problems (e.g., Sudoku or Latin squares). We
now study typical patterns of Alldiff constraints.
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3.1 Overlapping Alldiff constraints with one intersection

We start with rules for several Alldiff constraints joined by one intersection:
conditions to apply the rules are thus on the values of this intersection.
Consider 2 Alldiff such that a value d appears in some variable(s) of the inter-
section of the two Alldiff, and that it does not appear in the rest of one of the
Alldiff. Then d can be safely removed from the variables (except the ones of the
intersection) domains of the second Alldiff (see Figure 2 for an illustration).

< CAAUdiff(Vi) A Alldiff(V3),D> | d€ Dy,nv, A d€ Dy,y,

(012] < CANAUdiff(Vi) A Alldiff(V2), D> | d & Di\y,

In terms of Sudoku, [O12] is called the technique of locked candidates. Obviously,
[OI2] can be generalized to handle m (m > 2) Alldif f constraints connected by
one intersection. Let V' be the set of variables of the intersection: V' = (-, V;:

< CAL, Aldiff(Vi),D > | d€ Dy A d¢ Dy\v
< CAL AUdiff(V). D' > | d¢ UL, Dy

[OIm)]

[OIm] means that if a value d appears in the intersection of m Alldiff and
not in the rest of one of the Alldiff, then d can be safely removed from the
variables (except the ones of the intersection) of all the other Alldiff. This rule
can be implicitly applied to the different symmetrical possible orderings of the m
Alldiff. Although one could argue that [OIm] is useless (Prop. 3) for reduction,
in practice [OIm)] is interesting in terms of the number of rules to be applied.
Moreover, [OIm] can be scheduled before [OI2] to reduce the CSP at low cost.

Property 3. Consider m > 2 Alldiff with a non empty intersection. Given <
C,D >—>’[*Olm]< C,D'" > and < C,D >—>’[*OI2]< C,D" >, then D" C D'.

The proof is straightforward. We illustrate it on Figure 2.

5/4,5[1,31,3)6,9/7,8/6,7/2,7 4,5/4,5/1,3/1,3] 6 |7,8/6,7]2,7| 5/4,5/1,3/1,3] 6 |7,86,7] 7 |
6/7,9 V3 232,6) 7 V3 2N 6 | 7 V3
\J2,8/6,7 \2|2.8/6.7 | 8 |6,7
V2 V2 V2
V1 V1 !
Initial grid Reduced with [OIm]* Reduced with [OI2]*

Fig. 2. [OI2]" reduces more than [OIm]

3.2 Overlapping Alldiff constraints with several intersections

We now consider Alldiff constraints with several (non-empty) intersections.
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We first consider 4 Alldif f having four non-empty intersections two by two.
V now denotes the union of the four intersections: V = V32U Vo3U V3 4 U Vy 4.

< C N, Aldif f(V;),D > |
[S14.4] Vipg#ODAVoz #DAVsa#DAVia#0 A de Dy A d& Dy,

< C/\?:l Alldlff(‘/z)v D' > |d ¢ D§/24\V13

Note that d must at least be an element of 2 opposite intersections (at least
de ViagNVsa orde VozNViy); otherwise, the problem has no solution.
However, our rule is still valid in this case, and its reduction will help showing
that there is no solution.

In terms of Sudoku, this rule can be applied on of Alldiff constraints that are
either: 2 rows and 2 columns, 2 rows and 2 blocks, or 2 columns and to blocks.
Figure 3 is an example of 2 rows and 2 columns.

[SI4.4] can be extended to a ring of 2.m Alldiff with 2.m non-empty inter-
sections. Let V be the union of the variables of the 2.m intersections: V =
Ufznf (Vi N Vi mod 2.m)+1)- Voda (respectively Veyen) represents the union of the

Vi such that k is odd (resp. even): UZ_OI Vaiv1 (resp. Uimg Vas).

) < C N Audif f(Vi), D > |
[S12m.2m] A7 (Vin Vi mod 2.m41 #0) A d€ Dy A d¢ Dy, \v

<CNITAUdiff(V;),D' > | dg€Dj. v

d appears in some of the
PP D } Thus d can be removed from the D

d does not appear in the

Fig. 3. Patterns for [SI4.4] (left), [SI2m.2m| with m = 4 (middle), and [SI69] (right)

This rule can be applied for Sudoku puzzle: the pattern is made of 4 blocks, 2
rows and 2 columns, as shown in Figure 3.

[SI2m.2m] extends [SI4.4] in terms of ring, and now, [SI2m.m?] extends the
matrix notion of [ST4.4]: a set of m Alldiff (e.g., rows) that cross another set of
m Alldiff (e.g., columns), forming m? intersections. Consider

— V, the union of the variables of the m? intersections: V = (J,_, jemt1.2.m
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— V., the union of the first m Alldiff (e.g., rows) deprived of the intersections
with the m other Alldiff (e.g., columns): V.. = ", [Vi \ (U321, Vi))]
— V. is the union of the second set of m Alldiff (e.g., column S deprived of the

intersections with the m first Alldiff (e.g., rows): V. = UJ 1 V(U2 V)]

< C N AUdiff(V;),D> | de Dy A dg Dy,
< CNLAUdif f(V;),D' > | d¢ Dy,

Sketch of the proof. Consider m Alldiff (rows) and m other Alldiff (columns),
and d occurres in the intersections rows/columns but not in rows. To cover the
rows, one d from one intersection for each row will be used. Moreover, these
d will not appear in the same column. Since we have m rows and m columns,
the d of the intersection will be sufficient, and thus, d can be removed from the
columns, except at the intersections with the rows.

Then:  [ST2m.m?]

Note that for m = 3, [S12m.m?] represents the Swordfish technique for 9 x 9
Sudoku grids (Figure 3). Similarly to [SI4.4] we can see some conditions that
make that the problem has or not solution: e.g., in the case of [S76.9], d must
be found in at least 2 intersections of each row and at least 2 intersections of
each column; otherwise, if d ¢ Dy, , the problem has no solution.

3.3 Rules for application specific overlapping Alldiff constraints

Although they are not only problem specific, the following rules are well suited
for the Sudoku puzzle. The aim of this section is to show how easy our rule based
reduction framework can be used to model new rules.

Sudoku technique: XY-Wing This technique consider 4 Alldiff constraints
(2 rows and 2 columns, 2 blocks and 2 rows, or 2 blocks and 2 columns) that
form a ”ring”, i.e., the four 2 by 2 intersections are non empty. The XY-Wing
technique (see Figure 4 for an example) can be formalized by the following rule:

<SCN_ AUdiff(Vi),D > [Vig #D A Vaz #0 A Vaa#0
ANVi1#D ANuvgeVig N €Vi A vgeVa A

[RXY — W] {d1,d2}— vo A {di,d3} =D, A {do,d3} = D,,
< CN\iZy AUdif f(Vi), D' > | ds & Diy, ,uv,
T [ 1 [

L o] | fxef T ]
yz HEBEE [ | || XY-Wing
i (2 rows,

XY-Wing (2 blocks, 2 columns) —1 | 2 columns)

Ll e [ Jel [ ] ]

Delol [ || J |
XYZ-Wing | |
yz] | (1 block, 1 row) [ | [ |

Z can be removed from the * variables

Fig.4. [R.XY — W] (XY-Wing technique) and [R.XY Z — W] (XYZ-Wing technique)
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For 2 blocks and 2 rows (or columns), in the best case this rule removes 5 values
for a 9 x 9 Sudoku. For 2 columns and 2 blocks, this rule removes at most one
value for a n x n Sudoku, or a n x n Latin Square.

Sudoku technique: XYZ-Wing this is a variant of the XY-Wing, based on
the intersection of a block and a column/row: if 3 values z,y, z appear in a
variable of the intersection, and that the column/row contains a variable with
the 2 values x, z, and that the block contains a variable with the 2 values y, z,
then, z can be removed from the other variables of the intersection (Figure 4).

< O ANAUdiff(V)) AAlldiff(Va),D > | vo € Via A v1 € Vi A
[RXYZ—W] V2 6Vv2 A {d17d27d3}:Dvg A {dlvdS}:Dm A {and3}:DU2

< C A AUdif f(Vi) A AUdiff(V2), D" > [ ds & Dy ooy

3.4 Reduction strength of the rules

The reduction we obtain by applying rules for a single Alldiff and rules for several
Alldiff is stronger than enforcing GAC:

Property 4. Given a conjunction of constraints C = /\f=1 Alldif f(V;) and a

set of domains D. Given 2 sets of rules R’ = U;’;{LlT7{#V}{[OZ]} and R C
{[O12],...,[0OIm],[SI4.4],...,[SI2m.2m], [SI3.9],...,[SI2m.m?],[R.XY —W],
[R.XYZ-W],[SI2.1]}. Consider < C, D >—% < C, D' >and < C,D >—%, z<
C,D"” > then < C,D’ > and < C, D" > are GAC and moreover D" C D’.

The proof is based on the fact that Uﬁ?"{#W}{[Ol]} already enforces GAC (see
[6]) and that the rules of R preserves GAC (they do not loose any solution).

4 Experimental results

We discuss here some implementation possibilities with respect to 2 different
systems, not some quantified results (tables).

Implementation in CHR [2] We have few rules to manage, but the com-
binatoric is pushed in rule applications, i.e., in the matching of the head and
test of the guards. A generic (re-usable rules for any problems) and simple im-
plementation consists in a direct translation of our rules into CHR propagation
rules. Although straightforward and very easy, this implementation is rather in-
efficient, and more especially for complex rules: the matching is very weak and
a huge number of conditions are pushed in the guard. Thus, the interpreter has
to try the guards for all matching patterns. We thus specialized the CHR rules
for arrays of variables, which is well suited for problems such as Latin Squares
and Sudoku. The rules are also scheduled in order to apply first the rules that
are faster to apply (strong matching condition and few conditions in the guard),
and which have more chance to effectively reduce the CSP.

The results correspond to our expectations: for easy Sudoku, simple rules (i.e.,
[02], [03], [O4]) are sufficient to solve the puzzle without backtracking. More
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difficult Sudoku requires more and more complex rules ([Om], and rules manag-
ing several Alldiff). In general, applying complex rules is longer than performing
enumeration. However, we are still working to improve the matching: e.g., by
particularizing [O7], we obtained a speed up of up to 1000 for some Sudokus.

The main advantage of this implementation is to have an encoding which is as
closed as possible from the formal rules. It is thus very easy to try a new rule,
test its efficiency (in terms of the number of application of the rule, not in time),
and to study whether the pattern of the rule appears often or not in problems.

New propagators in GeCode GeCode is a library for constraint program-
ming that allows one to easily add new types of constraints, new search tech-
niques, or new propagation/reduction algorithms called propagators. We im-
plemented some rules as new propagators in GeCode [9]. We report here on
[R.XYZ — W] (XYZ-Wing of Sudoku). We made some tests using the stan-
dard Alldiff of GeCode and this new propagator. On average, we obtained 15%
more propagations (i.e., application of propagators that effectively reduce the
CSP) and 25% less failure cases (enumerations that lead to no solution). For
easy Sudoku, the new propagator was not useful (no application effectively lead
to a reduction), but the overhead was negligible. For more complex instances,
the rule significantly reduced the number of backtracks (i.e., more reductions
are done, and less failed nodes are explored due to enumeration). In terms of
time, the results are heterogeneous: applying [R. XY Z — W] significantly speeds
up some problems, while it also significantly slows down others; up to now, we
could not characterize for which Sudoku grids the propagators behave better
or worse. The average time, however seems to be better on the collection of
Sudoku we tried. We are thus confident in the use of such rules. Indeed, the
propagator for [R.XY Z — W] is considered at the same level as the others. We
could thus improve reduction time by better scheduling propagators, such as
applying [R. XY Z — W] when all standard propagators (cheaper to apply) have
reached a fixed point. The preliminary results are promising: we plan to improve
propagation time with a better scheduling, and to implement more propagators.

As usual in CSP solving, appears the tradeoff between propagation and enumer-
ation: the best pruning will not always lead to the best results in time. In our
case, the most expensive and inefficient rules could be skipped at the cost of
some more enumerations. For example, considering a 9x9 Sudoku in CHR, the
matching for O1 and O2 (and also for O8 and O7) is much cheaper than for
03, 04, 05, and 06. Thus, 03...06 could be skipped. However, this selection of
rules is problem- and solver-dependent, and thus out of the scope of this paper.

5 Related Work and Conclusion

Global constraints in CSP Recent works deal with the combination of several
global constraints (e.g., [11] for the sequence constraint) [5] describes the cardi-
nality matrix constraint which imposes that the same value appears p times in
the variables of each row (of size n), and ¢ times in the variables of each column
(of size m). Some Alldiff constraints on the rows and columns of a matrix is a
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special case of this constraint with p = ¢ = 1. However, this constraint forces
each Alldiff to be of size n or m while with our rules, they can be of different
sizes. Nevertheless, theses approaches require some specialized and complex al-
gorithms for reducing the domains, while our approach allows us to simplify and
unify the presentation of the propagation rules and attempts at addressing a
wider range of possible combinations of Alldiff.

From the modeling point of view, [7] evaluates the difficulty of the Sudoku prob-
lem: various models using different types of constraints are proposed (e.g., the
Row/Column interaction is described by the cardinality matrix global constraint;
together with the row/block interaction this should compared to the application
of our rule [OI2] on all intersections of a column and a row, and block and row
(or column)). [3] also evaluates Sudoku grid difficulty by proposing several mod-
els together with the associated reduction rules. In our approach, we only use
the classical model and do not change it: we only add more propagation rules.
Moreover, our rules can be used with other problems.

Conclusion We have defined a framework and some reduction rules for over-
lapping Alldiff that can be easily implemented in usual constraint solvers. We
have illustrated the use of these rules on the Sudoku puzzle. Preliminaries re-
sults show that such rules may improve domain reduction efficiency and could
be even more efficient in Gecode by scheduling more finely the application of
propagators. In the future, we plan to apply our technique to other overlapping
global constraints, such as the atmost or cardinality global constraints.
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